Abstract: A multi-variable self-tuning controller is presented in this paper using the idea of discrete-time sliding mode. It was successfully applied to the engine start control on an automotive V6 engine model provided from SICE in 2006 of which the order was over 50. The requirements of the control were to suppress the engine speed overshoot just after the ignition and to regulate the engine speed 650 ± 50(rpm) within 1.5(s). The control results show the effectiveness of the proposed control.
INTRODUCTION
The multivariable self-tuning control (STC) designs have been studied in Borisson (1979) and Koivo (1980) . Even in the single-input single-output (SISO) case, the stability proof for STC systems is known difficult due to the time-varying and nonlinear characteristics caused by the parameter estimation algorithm involved. The author showed that the stability of implicit self-tuning control with generalized minimum variance criterion can be proved in Patete et al. (2008a) and Patete et al. (2008b) based on the Lyapunov function and concepts of discretetime sliding-mode control. See Furuta (1990) , Furuta (1993) , and Sugiki et al. (2008) .
Automotive engine control is a key topic in industrial use of control technology. Recently, modeling and simulation of automotive engines has been attracted much attention not only for controllers design also for optimizing test engine design process. Toyota provides a sophisticated simulation environment for investigating and testing engine control systems, which enables universities' control researchers to study engine control without expensive engine apparatus and its maintenance costs. See Ohata et al. (2004) . Distributing this simulator, SICE (Society of Instruments and Control Engineers) in Japan has organized a special committee to promote the cooperation of universities and motor industries. For SI engine control, the plant data is sampled at a specified crank angle and the calculation of appropriate spark timing is fundamental. However the perfect modeling or identification is not easy for the controller design because of the complex combustion processes. Self-tuning or adaptive control approach is considered to control such a system as an example in this paper. The advanced engines require a number of controlled variables in engine systems. The multi-input multioutput (MIMO) self-tuning engine control presented in this paper is used. The crank angular velocity and intakeair flow are controlled. In future, intake-air control will be possibly required for enabling less NOx emission, etc. This paper is organized as follows: A multi-variable selftuning control based on the discrete-time sliding-mode is presented in Section 2. A multivariable STC simulta-neously controlling the engine speed and intake-air flow will be shown and validated in Section 3. In the last, conclusion is given.
MULTIVARIABLE IMPLICIT SELF-TUNING CONTROL

Generalized Minimum-Variance Control
Consider a m-input and m-output plant described by the vector difference equation
where d is the delay for the input, u k and y k are the plant input and output at time k
, and A(z −1 ) and B(z −1 ) are the m×m square polynomial matrices 
where C(z −1 ) and Q(z −1 ) are assumed to have the form
and the reference signal r k is constant. Note that all elements of (7) must be the Schur polynomials because in the considered control, C(z −1 ) specifies the dynamics of controlled errors, y k+d −r k+d . The choice of the integrator action for a static plant is done by choosing
and Q ii (z −1 ) can be chosen constant for an astatic plant or for the system with zero input for the desired output.
In the case where plant is given explicitly, the control law is given by the following lemma. Lemma 1. For the multivariable system (1), the control law, u k , achieving s k+d = 0 is given by
where
and E(z −1 ) and F (z −1 ) are satisfying the following Diophantine equation
E(z −1 ) and F (z −1 ) are m×m square polynomial matrices represented by
Proof. s k+d is rewritten as
By taking s k+d = 0, (10) is derived from (16) using (11).
The case for dealing with non-minimum-phase plants is discussed below. By eliminating u k between (1) and (5),
Thus the closed-loop poles are the solutions of
The introduction of Q(z −1 ) may enable to design all closed-loop poles stable even for non-minimum-phase systems.
Implicit Self-Tuner
In the case that plant is not known explicitly, F (z −1 ) and G(z −1 ) given in the control law (10) are not given explicitly, but their estimatesF (z −1 ) andĜ(z −1 ) should be used, and the self-tuning control law is given by the following theorem. Theorem 1. When plant is not identified, the control law
and their parameterŝ
are estimated by the equation (25) where µ i is the forgetting factor, 0 < µ i ≤ 1 and ϕ k is the plant I/O data vector given by
Proof. Define the estimation error matrices
whereF
The following equation holds at time k + d:
whereθ k,i * is the controller parameters error vector
Consider the following Lyapunov function candidate for i-th plant output:
k,i is the positive definite matrix for the weight on parameter convergence. For all outputs, we have
. . .
The difference of V k,i is obtained as
By adding the zero-sum terms
, (39) is rewritten as
Substituting (33) into (42) and rearranging the equation,
By the matrix inversion lemma, (25) is rewritten as
, which tells that the third term in the right-hand side of (43) is eliminated.
Substituting (5) and (24) into (23) giveŝ
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By using the equality
Multiplying (47) by
, which means that the fourth term of the right-hand side of (43) is also eliminated. From the above derivation, it is found that
and its summation
proves that V k approaches 0 as k goes to infinity.
ENGINE SPEED CONTROL
Idle reduction is regarded as a useful method to avoid the waste of fuel and reduce exhaust gas emissions. But, it highly requires the smooth engine restart. It is well known that almost HC, CO, NOx emissions are exhausted in the short period from the engine start to the activation of the catalyst and the smooth engine start reduces the exhaust gas emission considerably. Hybrid vehicles also adopt idle reduction as well. Therefore, the engine start problem has received a great attention. The engine start control with lean air-fuel ratio is the one of the most difficult portions of engine control although almost all people may take it for granted that their engines can start easily.
Research committee on Advanced Powertrain Control Theory of SICE (Society of Instrument and Control
Engineers) provided the engine start benchmark problem and the engine model in 2006. Figure 1 shows the 3 litters, V6, port injection gasoline engine model by using Simulink with Tow-way connections. It is an in-cylinder model calculating each cylinder pressure and the engine speed fluctuation during an engine cycle. It is constructed by the first principles and the system order is over 50. The manipulation signals are the throttle angle, the spark advance and the amount of fuel injection mass of each cylinder. The purpose of the benchmark problem is to start the engine and to regulate the engine speed at 650 ± 50(rpm) within 1.5(s). Actually, the overshoot reaches 2000(rpm) without the throttle and the spark advance controls as shown in Figure 2 and the following engine speed drop yields the uncontrollable rich air-fuel ratio that causes much HC exhaust gas emission. Thus, the suppression of the engine speed overshoot just after the engine start is additionally required. In this study, the model is modified to remove the fuel dynamics in the intake port because the purpose of this study is to show an effectiveness of the proposed implicit Self-Tuning Control (iSTC) on the engine model. In this example, the engine speed and the intake pressure are controlled with the throttle angle and the spark advance which is considered as one dimensional time series of all spark advances. The static relationship between the inputs and the outputs was obtained from a simulation for 40(s) with the fixed throttle angle of 6(deg) and the spark advance. The converged engine speed of 10(deg·CA) was 650(rpm) and the intake pressure was 28(kPa). The error system was constructed as follows:
where ω is the engine speed (rad/s), p is the intake pressure (kPa), θ is the throttle angle, ψ is the spark advance, 120(deg) corresponds to the crank angle, the suffix ∞ means the value of convergence and N is the number of sampling. In this trial, the following error system of the engine model is considered:
The square waves of which the amplitudes are the throttle angle of 0.5(deg) and the spark advance of 0.5(deg·CA) respectively are fed to the engine model. The identification results of (56) and (57) 
and the comparison between the simulation data and the identification results is shown in Figure 3 . 
are obtained with the given matrices of Figure 4 shows the top layer of the model provided from SICE. A challenger's control is inserted into the controller block. The inputs and the outputs are clearly shown as in Figure 4 . The original controller block has the air flow rate but it is switched by the intake pressure. The controller expressed by (19) is implemented according to the identified model parameters and the given matrices C(z −1 ) and Q(z −1 ). The above G(z −1 ) and F (z −1 ) were used as the initial estimation of (22). Starter Scope 
are applied. An interesting thing of this result is that the throttle is closed when the engine start. This is effective to suppress the engine speed overshoot because closing the throttle valve reduces the intake pressure that makes the first ignition week. Almost challenger implemented the throttle control as feedforward according to their physical considerations or their feedforward optimization results. The proposed control realizes the control by detecting the high intake pressure during the engine start. Next, to investigate the robustness of the proposed implicit self-tuning control (iSTC), the plenum chamber volume changes from 6.0(l ) to 25.0(l ). Figure 6 shows the comparison of the control results with iSTC and Discretetime Linear Quadratic Regulator (DLQR). The criterion of DLQR is
iSTC was designed such as the initial closed loop poles are equal to the ones of DLQR. DLQR failed to start the engine as shown with the dotted line but iSTC succeeded to do it although the fluctuation appears in the top of Figure 6 . The fluctuation may be caused by the saturation of the throttle angle. Better sets of Q d and R d may be found but this result indicates that the proposed control is well adapted to the change of the plenum chamber volume.
CONCLUSION
The proposed multi variable self-tuning control based on discrete sliding mode was applied to SICE V6 gasoline engine simulator. The control design purpose of the application is to start the engine and regulate the engine speed at 650 ± 50(rpm) within 1.5(s). The control is associated with idle reduction effective for saving fuel and the engine restart. The proposed control successfully achieved the purpose. That shows the possibility to mitigate calibration efforts of engine control system development. 
